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It is shown that, if 6m + 1 = p”, p a prime, then there exist at least 2” Room 
squares of order 6m f  2. The method for constructing these Room squares is 
also given. 
1. INTRODUCTION 
A Room square of order 2n, where n is a positive integer, is an arrange- 
ment of 2n objects in a square array of side 2n - 1 such that each of the 
(2n - I)” cells of the array either is empty or contains exactly two distinct 
objects; each of the 2n objects appears exactly once in each row and 
column; and each (unordered) pair of objects occurs in exactly one cell. 
In [5], the existence of Room squares of all orders < 48 is shown. In 
[3], existence is proved for 6m + 1 equal to a power of a prime. 
2. STEINER SYSTEMS 
A Steiner triple system of order k-to be denoted STS(k)-consists of a 
set G of k distinct elements which can be arranged into three-element 
subsets called the triples of the system such that for every pair of distinct 
elements of the set there exists a unique third element of the set such that 
the three elements together form one triple of the system. It can readily be 
shown that a STS(k) can exist only for k = 6m + 1 or 6m + 3 and that 
the number of triples of such systems is m(6m + 1) and (2m + 1)(3m + I), 
respectively (see [l, p. 63 ff.]). 
It is shown in [4] that if a pair of STS(2n + 1) can be found for a given 
set G such that (i) the two systems have no triples in common, and (ii) 
if two pairs of elements appear with the same third element in one system, 
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then they appear with distinct third elements of the other system, then 
a Room square of order 2n + 2 can be defined. This is achieved by using 
one of the systems as a row indicator and the other as a column indicator 
as follows: given a triple (x, y, z) in the row indicator system, the pair 
(x, v) appear together in row z of the Room square, the pair (x, z) in row 
y and the pair (y, z) in row x. The column indicator is similarly used. To 
complete the square, one places the pair (co, x) in the cell in the x-th row 
and x-th column. In [3], such a pair of STS(2n + 1) is referred to as an 
orthogonal Steiner system of order 2n + 1 -i.e., OSS(2n + 1). 
If (G, +) is a finite Abelian group of order k, then a family F of three- 
element subsets (triples or blocks) is said to be a set of Steiner difference 
blocks-i.e., SDB(k)-if the set of differences &(a - b), &(b - c), 
&(a - c) formed from the block (a, b, c) range over all of the non-zero 
elements of G precisely once as all blocks of the family F are considered. 
Since each block generates six differences, the order k of G must be 
6m + 1 for some positive integer nz in order to admit a set of SDB(k). 
Also, if F is a set of SDB(6m + 1) for the group G, then the set of triples 
{(a + 8, b + 0, c + e) : (a, b, c) E F, 0 E G) 
is a STS(6m + 1) on the elements of G (see [2, p. 230 ff.]). In a STS on G 
every non-zero element occurs with 0 precisely once and, thus, if G has 
order 6m + 1, there are 3m triples containing 0. Let them be 
(0, Xl , Y,), (0, x* 2 YA..., a &m 9 Y,,). 
Then a set of SDB on G is said to be strong (see [3]) if in the triple system 
it generates the sums Xi + Yi, i = 1, 2,..., 3m, are all distinct. 
3. STRONG SETS OF STEINER DIFFERENCE BLOCKS 
Given a finite Abelian group (G, +) of order 6m + 1 with a set F of 
SDB, let a STS(6nz + 1) be defined. Two triples of the STS will be said to 
be equivalent if they are generated by the same block of F. This then defines 
an equivalence relation, dividing the STS(6m + 1) into m equivalence 
classes each containing 6m + 1 triples. Denote these equivalence classes 
EC(l), EC(2),..., EC(m). Letj-EC(i) be the subset of EC(i)consisting of the 
three triples of EC(j) that contains the element j of G(j = 0, 1, 2,..., 6m). 
LEMMA 1. The properties of any of the j-EC(i) may be determined by 
studying the properties of O-EC(i). 
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This is the case since any triple ofj-EC(i) can be formed by adding j to 
a triple to O-EC(i). 
LEMMA 2. If (a, 6, c) is one block of a set F of SDB, and if 01, $ y are 
the inverses of a, b, c, respectively, then (01, p, y) is one block of another set 
of SDB. 
If all of the blocks of F are retained with the exception of (a, b, c), and 
this block is replaced by (a, p, y), then the set of differences is the same, for 
&(a - PI = i(a - 4, i@ - y> = ‘f(b - 4, Ma - y) = W - 4 
Let EC(i) be the equivalence class generated by (a, b, c) and let EC(i)* 
be the equivalance class generated by ((II, /I, r). 
LEMMA 3. No triples of EC(i)* are the same as any triples of EC(i). 
This is clear by observing that 
O-W9 = {(a + 01 = 0, b + 01, c + a), (a + P, b + p = 0, c + p), 
(a + Y, b + Y, c + Y = 0)) 
and that 
O-EC(i)* = {(a + a = 0, P + a, y + a), (a 3 b, P + b = 0, y + b), 
(a + c, p + c, y + c = 0)). 
Since no triples of O-EC(i) are the same as any triples of O-EC(i)*, the 
result follows by Lemma 1. 
THEOREM 1. If a strong set F of SDB generates a STS(6m + 1) with 
equivalence classes EC(i), i = 1, 2 ,..., m, and if each such equivalence class 
is used to generate a new equivalence class EC(i)*, then the two systems, 
(EC(i), i = 1, 2 ,..., m} and {EC(i)*, i = 1, 2 ,..., m}, form an OSS(6m + I). 
Proof. From Lemma 3, no triple of O-EC(i) is the same as a triple of 
O-EC(i)*, for any i = 1, 2 ,..., m. To see that no triple of O-EC(i) is the 
same as any triple of O-EC(j)*, i # j, let 
O-EC(i) = ((a, + 01~ = 0, bi + 01~ , ci + a,), (ai + /& , bi + ,& = 0, 
G + A), (ai + yi , bi + yi , G + yi = 0)) 
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For two of these (unordered) triples to be equal, say for 
(0, bi + ai 2 ci + CQ) = (“j + bj 3 0, yj + bj), 
either bi + 01~ = olj + bj or bi + 01~ = yi + bj . Both of these are impos- 
sible since bi + 01~ = bi + (6m + 1 - ai) = 6m + 1 + bi - ai and 
yj + bj = 6m + 1 - cj + b, and, for these to be equal, it must be the 
case that bi - ai = bi - ci , which is a contradiction to the definition of 
the set of SDB. 
It remains to be shown that, if two pairs of elements appear tripled with 
0 in one of the STS(6m + l), then in the other system they appear tripled 
with distinct elements. 
Suppose the two triples in question both appear in O-EC(i). Suppose 
they are (a + 01 = 0, b + LX, c + LX) and (a + p, b + /3 = 0, c + /3), and 
that the third triple of O-EC(i) is (a + y, b + y, c + y = 0). In this case 
O-EC(i)* consists of (a + a = 0, /3 + a, y + a), (a + 6, /I + b = 0, 
y + b), and (cx + c, p + c, y + c = 0). If b + c + 201 and a + c + 2/3 
are added to (0, p + a, y + a) and (LX + b, 0, y + b), respectively, the 
triples can be reduced to (b + c + 201, c + 01, b + a) and (c + p, 
a + c + 2p, a + j3). Now, b + c + 201 # a + c + 2/3 for 
(b + c + 24 - (a + c + 2p) = (b - a) - 2(p - a) 
= (b - a) - 2(a - b) # 0. 
Suppose one of the triples is from O-EC(i) and the other from O-EC(j), 
i # j. Suppose they are (ai + 01~ = 0, bi + 01~ , ci + ai) and (ui + fli , 
b, + fij = 0, cj + /3$) and that corresponding to these there are triples in 
O-EC(i)* and O-EC(j)*, respectively, of the form (0, & + ai , yi + ai) and 
(CL~ + bj , 0, yj + bj). Then adding to these bi + ci + 201~ and ai + cj + 2flj, 
respectively, they become upon reduction (bi + ci + 201~ , ci + 01~ , 
bi + 4 and (cj + Pi , aj $ Cj + 2pj 9 aj + pj). NOW, bi + Ci 4~ 2ai # 
uj + ci + 2& by the assumption that the set of SDB be strong. This 
proves the theorem. 
COROLLARY 1. Zf a strong set F of SDB generates a STS(6m + l), 
then a Room square of order 6m + 2 can be defined using the method of [4]. 
A simplication of the method of [4] can be made. With the rows and 
columns of the Room square numbered from 0 to 6m, the 0-th row is 
obtained by considering the triples of the O-EC(i) for i = 1, 2,..., m and 
placing the pair of non-zero elements of each such triple in the cell whose 
column number is the sum of these two non-zero elements. Cells with 
column numbers not so designated are empty. 
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Denote the set F* of SDB formed as above from a set F of SDB as the 
dual set of SDB. 
THEOREM 2. The dual set F* of SDB formed from a strong set F of 
SDB is also strong. 
Prooj Consider the subset 
O-EC(i) = KO, b + a, c + 4, (a + B, 0, c + ,Q, (a + y, b + y, ON 
of the equivalence class generated by the block (a, b, c) of F. The sums of 
the elements of the triples here are b + c + 2ar, a + c + 2/3, and 
a + b + 2y, all of which are different. The sums of the elements of the 
triples of O-EC(i)* are then /3 + y + 2a, 01 + y + 2b, and o( + /3 + 2c, 
which are just the inverses of the sums of the elements of the triples of 
O-EC(i). Hence, these three sums are all different. Extending this argument 
to all such sums and noting that Fis strong, it follows that F* is also strong. 
COROLLARY 2. A second Room square of order 6m + 2 can be defined 
applying the modljied technique following Corollary 1 to the triples of 
O-EC(i)*. 
4. EXTRA STRONG SETS OF STEINER DIFFERENCE BLOCKS 
A set F of SDB(6m + 1) over a group G is said to be extra strong if the 
sums of the elements of all triples containing 0 in the STS generated by F 
together with the sums of the elements of all triples containing 0 in the 
STS generated by the dual set F* of SDB are all different. 
LEMMA 4. If a set F of SDB(6m + 1) is extra strong, then the set of 
sums of elements of the triples containing 0 in the STS’s generated by F 
and F* comprise the set { 1, 2,. . , , 6m). 
THEOREM 3. Given an extra strong set F of SDB of order 6m + 1, 
2”-l OSS(6m + 1) can be defined. 
Proof. A STS(6m + 1) can be chosen as follows: choose either EC(l) 
or EC(l)*, either EC(2) or EC(2)*,..., either EC(m) or EC(m)*. Let the 
other STS(6m + 1) consist of the equivalence classes not so chosen. Since 
the set F of SDB was extra strong, each of the 2+l different such pairs 
of STS(6m + 1) forms an OSS(6m + 1). 
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COROLLARY 3. Given an extra strong set of SDB(6m + l), 2” Room 
squares of order 6m + 2 can be defined. 
This is done as before. Here, contrary to Theorem 3, the order in 
which the STS’s of each pair are considered is relevant. 
It is shown in [2, p. 2331 that, if 6m + 1 = pn, where p is a prime and 
n is a positive integer, then in the field GFW), if x is a primitive root, 
the set of blocks 
(xi, X2mLm-ti 3 *m+i ) i = 0, 1, 2 ,..., m - 1 
form a set of SDB(6m + 1). In [3] it is shown in such a case there always 
exists a Room square of order 6m + 2. 
THEOREM 4. If 6m + 1 = p” for p a prime and n a positive integer, 
then there exist at least 2” Room squares of order 6m + 2. 
Proof. It is only necessary to show that the above set of SDB is extra 
strong. The equivalence classes of this set are of the form: 
0 X2m+z _ xi X4m+i _ xi 
xi _ X2m+i 0 9mii _ X2m+i 
xi - p+-i X2m+i _ *m+i 0 
In this array, the triples of the equivalence classes generated by the block 
(xi, x~*+~, tim+&) appear as rows, and those of the dual system appear as 
columns. There are m such classes, indexed by residues, 0, 1, 2,..., m - 1, 
mod 6m. In [3], it is shown that the “row” sums are all different-i.e., that 
the original set of SDB is strong-and it follows that the “column” sums 
are also all different-i.e., that the dual set of SDB is strong. It remains to 
show that no “row” sum is the same as any “column” sum. 
“Row” sums have the three forms xi(tim + x2” - 2), xi(l + xp” - 2x29, 
xi(l + xzm - 2x9 and “column” sums have the three forms 
-xj(x4” + x2* - 2), -x’(l + ti” - 2x9, -xj(l + x2m - 2x49. 
Observing that xzm = (x~~)-~, these reduce to 
(i) xi(xznz - x--~~)~, 
(ii) xi(xzm - 1)2, 
(iii) xi(l - x2m)2, 
(iv) -x~(x~~ - x-~~)~, 
(v) -xyx2* - I)“, 
(vi) -xj(l - x~~)~. 
It can be shown that no two sums are the same by considering all 
5&a/13/3-2 
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possible pairs of types of sums-one sum for “rows” and one for 
“columns’‘-as in 131. For example, a sum of type (i) cannot be the same 
as a sum of type (v), for such would require Y(xzm - X-~“)~ = x~(x~~ - 1)” 
01 Xe‘+4m(~2m _ I)2 = -xi(X2m - I)2 or xi+4m = -$ or xi+4m + xj = 0. 
This latest requires ~j(x~-j+~~l + 1) = 0, which is impossible, for either 
Xi = 0 or Xi-j+4m = _ 1 would contradict the assumption that x be a 
primitive in GF(p”). 
This proves the theorem. 
5. SOME EXAMPLES 
In the examples below, square arrays are used to indicate the various 
equivalence classes. For each i, the triples of O-EC(i) are the rows of the 
array and the triples of O-EC(i)* are the columns of the array. 
(I) m = 1. Extra strong SDB is (1, 2, 4). 
Equivalence class: 
0 1 3 
6 0 2 
4 5 0 
First rows of the 2l Room squares: 
(~0, Oh (2,6), (4, 3, 0, (1,3), 0, 0 
(co,% 0, 0, (4>6), 0, (2, 3), (1, 5) 
(2) m = 2. Extra strong SDB is (1, 2, 5), (1, 3, 8). 
Equivalence classes: 
0 1 4 0 2 7 
12 0 3 11 0 5 
9 10 0 6 8 0 
First rows of the 22 Room squares: 
(~~01, (6,8), (3, 12), (5, 111, 0, (1,4), (9, 1% aa, 0, 
(2,7), 0, 0, 0 
(co, O), 0, (3, 12), 0, (6, 1 I), (L4), (9, lo), 0, 0, 0, 
(2,8), 0, (527) 
(ah 01, (6,8), 0, (5, 111, 0, 0, 0, (3,4), (9, 12), 
(2,7), 0, (1, lo>, 0 
(co,% 0, 0, 0, (6, 111, 0, 0, (3,4), (9, 12), 0, 
(2, 8), (1, 1% (5, 7) 
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(3) m = 3. Extra strong SDB is (1, 2, 9), (1, 3, 6), (1, 5, 11). 
Equivalence classes: 
0 1 15 0 28 0 7 10 
18 0 14 17 0 6 12 0 3 
4 5 0 11 13 0 9 16 0 
First rows of the 23 Room squares: 
(00, 11, (4, 18), (7, 16), (10, 14), (12, 13), o, (8, 1% 
(3,6), 0, (2,% 0, (15, 17), %, 0, (5,11), 0, m, 
0, 0 
(=4 l)? (4, 10 0, 0, (12, 13), (10, 16), (8, 1% (3, 6), 
0, G9, 0, (15, 17), 0, m, 0, %, (7, II), (5, 14), 
% 
(~0, 11, (4, W, (7, 16), (10, 14), iir, o, o, (3,6), 0, o, 
(12, 1% (15, 17), 0 2 (2, 13)s (5, ll), (8,9), 0, m, % 
(~0, 11, (4, 181, 0, %, 0, (10, 16) 0, (3,6), m, %:, 
(12, 1% (15, 17), 0, (2, 13), %, (8,9>, (7, ll), 
(5, 14), % 
(~0, 11, %, (7, 16), (10, 14), (12, 13), %, (8, 19), o, (4, 6), 
(2,% 0, 0, (15,18), 0, (5, ll), %a, o, o, (3,17) 
(00, I>, %, 0, %, (12, 13), (10, 16), (8, 1% m, (4, 6), 
(2,9), ~3, 0, (15, 18), a’, %, a, (7, II), (5, 14), 
(3, 17) 
(~0, 11, %a, (7, 16), (10, 14), %, M, %, %, (4,6), .a, 
(12, 1% %, (15, 18), (2, 13), (5, ll), (8,9>, 0, 0, 
(3, 17) 
(~0, l), 0, 0, 0, 0, (10, 16), %, ia, (4,6), %, (12, 19), 
0, (15, 18), (2, 13), m, (8,9), (7, 10, (5, 14), (3, 17) 
(4) m = 3. Strong SDB is (1,2,7), (1, 3, ll), (1, 5, 8). 
Equivalence classes: 
0 16 0 2 10 0 47 
18 
13 14 0 I 9 11 0 I 12 16 0 
0 5 17 0 8 15 0 3 
First rows of the 2 Room squares: 
(c-f&O>, (9, ll>, 0, m, (5, 18), %, (8, 17), (1,6), (13, 14), 
(12, 16)> 0, (4,7), (2, lo), ia, ia, o, ia, o, (3, 15) 
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(~,O>, (4, 16), a, o, o, o, o, (9, 17), (12, 15), o, 
(3, 7), (5,6), (13, 18), (2, II), o, (I, 14), o, o, 
(8, 10) 
(5) m = 4. Not strong SDB is (1, 2, 7), (1, 3, ll), (1, 4, 13), (1, 5, 12). 
Equivalence classes: 
0 16 0 2 10 0 3 12 0 4 11 
24 0 5 23 0 8 22 0 9 21 0 7 
19 20 0 15 17 0 13 16 0 14 18 0 
No Room squares can be formed in this case. 
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